We consider an exactly soluble model of two Bose Einstein condensates with a Josephson-type of coupling. Its equilibrium states are explicitly found showing condensation and spontaneously broken gauge symmetry. It is proved that the total number and total phase fluctuation operators, as well as the relative number and relative current fluctuation operators form both a quantum canonical pair. The exact relation between the relative current and phase fluctuation operators is established. Also the dynamics of these operators is solved showing the collapse and revival phenomenon.
INTRODUCTION

Since the 1995-observations
(1 3) of Bose Einstein condensation (BEC) in trapped alkali gases, an intense renewed interest is going on in the research of the physical properties and the nature of Bose condensed systems. In particular the interference pattern between two overlapping condensates has been discussed, see e.g., refs. 11 13, on the theoretical level.
In this context of interference, the static and dynamic properties of the phase of the condensate are of major importance. This has been the subject of many theoretical studies all over the last years. As a primordial and old question, the very existence of the phase andÂor the phase operator, comes into the picture again.
One encounters continuous efforts to formulate the phase (operator) in the standard theory of BEC, which we could call the Bogoliubov Hartree Fock theory, (5) in a system with a finite number of atoms (see e.g., ref. 6). One is constantly assuming that the condensation is occuring into a coherent state of the lowest energy mode of the system. Such a state fixes a well defined phase and amplitude, but should in stead exhibit inevitable fluctuations of both these quantities. Or, one is fixing the number of atoms in the system, i.e., the condensation takes place in a number state of Fock space, excluding any atom number fluctuations. Although these basic theoretical difficulties are now getting ripe in the minds of many researchers in the field, all kinds of procedures and tricks are permanently invented to wave away these difficulties. In this paper we take the point of view that these questions about the character of the quantum state into which the condensation occurs, and its major properties, are nevertheless of major importance. By now it is indeed well known that a condensate state is neither a``pure Fock,'' nor a``pure coherent'' state in the strict mathematical sense, nor in the physical sense.
As explained above,``simple'' coherent states or Fock states lead to annoying technical difficulties in order to describe and understand the essentials of many of the experimental challenging measurements on BEC which are constantly performed. After all, condensation is up to now, only clearly defined and generally accepted for homogeneous systems. Of course, we are aware of different tentatives to introduce decent thermodynamic limits for trapped gases. With all this knowledge in mind, we focus our attention here, not on the situation of BEC in trapped gases, but on the phenomenon of BEC for homogeneous systems, where one has a well defined thermodynamic limit, and where the occurence of BEC, accompanied by a spontaneous U(1) symmetry breaking (7) is well understood. Comparison of our point of view here with the recent studies based on the Gross Pitaevskii equation (GPE) is at order. First of all we consider here temperature states, while the GPE is intended for ground state considerations. But even more basic, we consider homogeneous systems, while the GPE is an equation containing external fields and therefore yielding non-homogeneous equilibrium states. As explained above, the notion of BEC for homogeneous systems is clearly understood. To our knowledge, for non-homogeneous systems, rigorous proofs of BEC are still unavailable.
Furthermore we take into account that the main entries of the theory of the Bose condensates and their interference patterns are the particle number fluctuations and the phase operator fluctuations.
The main question is here, can one define rigorously a phase operator fluctuation and a particle number operator fluctuation of the condensate? The answer is proved to be positive. It is based on the notion of fluctuation
